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Abstract: The leading soft photon theorem implies that four-dimensional scattering ampli-
tudes are controlled by a two-dimensional (2D) U(1) Kac-Moody symmetry that acts on the
celestial sphere at null infinity (I). This celestial U(1) current is realized by components of
the electromagnetic vector potential on the boundaries of I. Here, we develop a parallel story
for Low’s subleading soft photon theorem. It gives rise to a second celestial current, which
is realized by vector potential components that are subleading in the large radius expansion
about the boundaries of I. The subleading soft photon theorem is reexpressed as a celestial
Ward identity for this second current, which involves novel shifts by one unit in the conformal
dimension of charged operators.
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1 Introduction
In any four-dimensional (4D) theory with photons, the soft photon theorem implies [1–5]
the existence of a two-dimensional (2D) U(1) Kac-Moody symmetry. The consequences of
the symmetry become most transparent when 4D scattering amplitudes are reexpressed as
correlation functions on the celestial sphere at null infinity (I), on which the 4D Lorentz group
acts as the 2D Euclidean conformal group. The Kac-Moody currents act on this celestial
sphere and are sourced by electromagnetic charge currents that cross it. All amplitudes are
thereby highly constrained, and in particular are set to zero by infrared divergences [6] if the
associated conservation laws are violated. The celestial Kac-Moody current may be explicitly
realized by a sum of the gauge potentials on the S2 boundaries of I, denoted A(0)z¯ below.
This story is reviewed in [7].
In the 1950s Low and others [8–12] established a second, universal, relation governing the
subleading term in the soft expansion of an asymptotic photon. A similar story is expected
to derive from this universal relation, but so far is only partially understood [13–15].
In this paper we show that the subleading soft theorem implies a second current algebra
on the celestial sphere. The currents are the constructed from the boundary values of the
subleading term of the gauge potential, denoted A
(1)
z¯ , in the large radius expansion around I.
Naively, A
(1)
z¯ is determined from the leading potential A
(0)
z¯ by the equations of motion and
is not an independent field. However, in attempting to explicitly solve for A
(1)
z¯ in terms of
A
(0)
z¯ , one encounters an integration function on the sphere. This implies that the boundary
values of A
(1)
z¯ are independent fields after all, and in fact turn out to comprise an independent
“subleading” current algebra.
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The current algebra generated on the celestial sphere by boundary values of A
(1)
z¯ has
interesting and unconventional features. The OPE of the subleading current with a charged
operator with 2D conformal weights (h, h¯) shifts the weights to (h − 12 , h¯ − 12). This is
possible because such operators lie in the continuous unitary principal series. Our main
result is formula (4.7) below which describes this action. It will be interesting to eventually
understand the constraints of (4.7) on scattering amplitudes.
In this note we make the simplifying restrictions that there are no longe range magnetic
fields near spatial infinity and also that charge is carried by massless scalar fields. We expect
our results to hold in a more general context, as their form is largely dictated by symmetries.
This note is organized as follows. In Section 2, we introduce our conventions and present
basic formulas. In Section 3, we rewrite the subleading soft theorem as a relation between the
boundary values of a subleading gauge parameter. In Section 4, we take the quantum matrix
element of this conservation law and express it as a Ward identity for a novel 2D current
algebra on the celestial sphere. Appendix A gives some details of the asymptotic expansion
about I in Lorenz gauge.
2 Maxwell Equations in Lorenz Gauge
We largely employ the retarded (advanced) coordinates on flat Minkowski space
ds2 = −du2 − 2dudr + 2r2γzz¯dzdz¯ = −dv2 + 2dvdr + 2r2γzz¯dzdz¯, (2.1)
with u (v) retarded (advanced) time and γzz¯ = 2/(1 + zz¯)
2 the unit round metric on S2.
These are related to the Cartesian coordinates (x0, x1, x2, x3) by
x0 = u+ r = v − r
x1 + ix2 =
2rz
1 + zz¯
x3 =
r(1− zz¯)
1 + zz¯
.
(2.2)
In this paper we use the the Lorenz gauge condition ∇µAµ = 0. The Maxwell equations
∇µFµν = e2jν in this gauge in retarded coordinates are
−2r∂r(r∂uAu) + ∂r(r2∂rAu) + 2γzz¯∂z∂z¯Au = e2r2ju
−2∂r(rAu)− 2∂u∂r(r2Ar) + ∂2r (r2Ar) + 2γzz¯∂z∂z¯Ar = e2r2jr
−2r2∂u∂rAz + r2∂2rAz + 2r∂z(Ar −Au) + 2∂z(γzz¯∂z¯Az) = e2r2jz.
(2.3)
See Appendix A for further details.
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3 Subleading Soft Theorem as Subleading Gauge Transformation
Low’s subleading soft photon theorem, following the notation of [13], can be written as an
asymptotic symmetry acting on in- and out-states. Denote a state with n massless hard
particles of energies ωk, charges eQk and momenta
pµk =
ωk
1 + zkz¯k
(1 + zkz¯k, zk + z¯k, i(z¯k − zk), 1− zkz¯k) (3.1)
by |z1, . . .〉 and hard S-matrix elements by 〈zn+1, . . . |S|z1, . . .〉. The Low-Burnett-Kroll-
Goldberger-Gell-Mann soft theorem says that if a positive helicity photon with energy ω → 0,
the first two terms of the soft expansion are
〈zn+1, . . . |aout− (~q)S|z1, . . .〉 = (J (0)− + J (1)−)〈zn+1, . . . |S|z1, . . .〉, (3.2)
with
J (0)− = e
∑
k
Qk
pk · ε−
pk · q
∼ O(ω−1), J (1)− = −ie
∑
k
Qk
qµε
−
ν J
µν
k
pk · q
∼ O(ω(0)) (3.3)
with ε the photon polarization and Jµνk the total angular momentum of the k
th particle. The
J (0)− contribution can be eliminated with the projection operator (1 + ω∂ω). In [13] it was
shown that, for the special case of a scalar field with Jkµν = −i
(
pkµ
∂
∂pν
k
− pkν ∂∂pµ
k
)
, rewriting
(pµk , q
µ) in terms of (Ek, zk, z¯k) gives
lim
ω→0
(1 + ω∂ω)〈zn+1, . . . |aout− (~q)S|z1, . . .〉
= −e
∑
k
Qk√
2(z¯k − z¯)
[
(1 + zz¯k))∂Ek +
1
Ek
(z − zk)(1 + zkz¯k)∂zk
]〈zn+1, . . . |S|z1, . . .〉.
(3.4)
As in [13] it is useful to define operators F subuz¯ that create subleading soft photons. These are
defined on I+ in terms of the photon polarization
εˆ+z¯ =
∂z¯x
µ
r
ε+µ =
√
2
1 + zz¯
(3.5)
by
F subuz¯ :=
∫
duuF
(0)
uz¯ =
∫
duu∂uA
(0)
z¯
=
ie
8π
εˆ+z¯ lim
ω→0
(1 + ω∂ω)[a
out
− (ωxˆ)− aout+ (ωxˆ)†].
(3.6)
The fields in this expression, and subsequent expressions, are the functions of (u, z, z¯) that
appear as coefficients in the asymptotic 1
r
expansion about I+. The order 1
rn
at which they
appears in this expansion is denoted by the superscript (n). For simplicity, we restrict here
to the case where there are no long range magnetic fields near spatial infinity so that A
(0)
z is
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pure gauge and F
(0)
zz¯ = 0 at I+± . Multiplying (3.4) by εˆ+z¯ and then acting with γzz¯Dz¯Dz and
using (3.6) gives
〈zn+1, . . .|Q+S S|z1, . . .〉
= − i
4π
∑
k
Qk
[− 2πγzz¯Dz¯δ2(z − zk)∂Ek + 1Ek
γzk z¯k
(z¯ − z¯k)2 ∂zk
]〈zn+1, . . . |S|z1, . . .〉,
(3.7)
where we can define the “soft” charge
Q+S =
2
e2
∫
du u∂uγ
zz¯Dz¯DzA
(0)
z¯ . (3.8)
For the leading soft charge, the analog of the soft term is a total u-derivative and reduces
to a difference between two terms on the boundaries of I+, signalling the central role of I
boundary dynamics. In contrast, this total derivative structure is not manifest in the soft
term given in [13] and in (3.8). However, we now show that this structure reappears when Q+
is reexpressed in terms of the subleading component A
(1)
z of the gauge field, which enables one
to rewrite it in terms of hard currents and the I+± boundary values of A(1)z . The elimination
of A
(0)
z¯ from (3.8) in favor of A
(1)
z¯ proceeds via the asymptotic expansion of the Maxwell
equations, which are without sources for the soft insertion (see Appendix A for details)
∂2uA
(1)
z¯ = −∂uDzDzA(0)z¯ . (3.9)
This allows us to rewrite the soft charge as
Q+S =
2
e2
(1− u∂u)A(1)z¯
∣∣∣∣∣
I++
I+
−
. (3.10)
Lorenz gauge ∇µAµ = 0 leaves unfixed residual gauge transformations of the form Aµ →
Aµ + ∂µε with ε = 0. The solution to this equation in retarded coordinates requires two
pieces of free data, at different orders in the asymptotic expansion: the free function ε(0)(z, z¯),
which is related to the leading soft theorem, and the free function ε(1)(u, z, z¯), which is
independent free data. This latter residual freedom enables us to fix the subsidiary gauge
condition
A(1)u = 0, (3.11)
which implies that ∂uε
(1) = 0. We are left with a free function ε(1)(z, z¯). The gauge transfor-
mations are parametrized as
ε = ε(0)(z, z¯) +
u
2
D2ε(0)(z, z¯)
log r
r
+
ε(1)(z, z¯)
r
+ ... (3.12)
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At early and late times along future null infinity, where the matter current is zero, the field
configurations return to pure gauge. Hence the asymptotic behavior near I+± is
A
(0)
z¯± = Dz¯ϕ
(0)
± (z, z¯), A˜
(1)
z¯± =
u
2
Dz¯D
2ϕ
(0)
± (z, z¯), A
(1)
z¯± = Dz¯ϕ
(1)
± (z, z¯), (3.13)
where the tilde denotes a log r dependence (see Appendix A for details) and where the bound-
ary fields ϕ shift under gauge transformations as ϕ
(0)
± → ϕ(0)± + ε(0) and ϕ(1)± → ϕ(1)± + ε(1).
The difference in their values at I++ and I+− is determined by the action of the soft factor and
cannot be gauge-fixed to zero. To underscore this, we rewrite (3.7) as
〈zn+1, . . . |
(
2
e2
Dz¯ϕ
(1)
∣∣∣I
+
+
I+
−
)
S|z1, . . .〉
= − i
4π
∑
k
Qk
[− 2πγzz¯Dz¯δ2(z − zk)∂Ek + 1Ek
γzk z¯k
(z¯ − z¯k)2
∂zk
]〈zn+1, . . . |S|z1, . . .〉.
(3.14)
Similarly, for the insertion of an incoming soft photon I−,
〈zn+1, . . . |S
(
2
e2
Dz¯ϕ
(1)
∣∣∣I
−
+
I−
−
)
|z1, . . .〉
=
i
4π
∑
k
Qk
[− 2πγzz¯Dz¯δ2(z − zk)∂Ek + 1Ek
γzk z¯k
(z¯ − z¯k)2
∂zk
]〈zn+1, . . . |S|z1, . . .〉.
(3.15)
To write a shift along all of I, we consider
〈zn, . . .|Q+SS − SQ−S |z1, . . .〉
= − i
2π
∑
k
Qk
[− 2πγzz¯Dz¯δ2(z − zk)∂Ek + 1Ek
γzk z¯k
(z¯ − z¯k)2 ∂zk
]〈zn+1, . . . |S|z1, . . .〉.
(3.16)
We see that, if there is a nontrivial scattering process, it is impossible to set A
(1)
z = Dzϕ
(1) to
zero on all boundaries of I, just as the leading soft theorem makes it impossible to set A(0)z =
Dzϕ
(0) to zero on all boundaries. Hence ε(1), as well as ε(0), is a large gauge transformation,
and maps one vacuum to a physically inequivalent one.
4 Celestial Current Ward Identity
It is illuminating to rewrite scattering amplitudes as correlation functions on the celestial
sphere, adopting the compact notation [7]
〈zn+1, . . . |S|z1, . . .〉 → 〈O(1)E1 (z1, z¯1) · · · O
(1)
En
(znz¯n)〉. (4.1)
In this context, we define the subleading soft photon current
J
(1)
z¯ =
4π
e2
(
Dz¯ϕ
(1)
∣∣∣
I++
− 2Dz¯ϕ(1)
∣∣∣
I+
−
+Dzϕ
(1)
∣∣∣
I−
−
)
, (4.2)
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where we have used the antipodal matching
ϕ(1)
∣∣∣
I+
−
= ϕ(1)
∣∣∣
I−+
. (4.3)
The subleading soft theorem then becomes 1,2
〈J (1)z¯ O(1)E1 (z1, z¯1) · · · O
(1)
En
(znz¯n)〉 =
n∑
k=1
−iQk
Ek(z¯ − z¯k)2
Dz¯k〈O(1)E1 (z1, z¯1) · · · O
(1)
En
(zn, z¯n)〉. (4.4)
The Mellin transform to a conformal basis for particles with helicity s with conformal weights
(h, h¯) =
1
2
(∆ + s,∆− s) = 1
2
(−E∂E + s,−E∂E − s) (4.5)
is simply
O(h,h¯)(z, z¯) =
∫
dE E∆−1O(1)E (z, z¯). (4.6)
In this conformal basis, (4.4) becomes the current algebra relation
〈J (1)z¯ O(h1,h¯1) · · · O(hn,h¯n)〉 = −i
∑
k
Qk
(z¯ − z¯k)2D
z¯k〈O(h1,h¯1) · · · O(hk− 12 ,h¯k− 12 ) · · · O(hn,h¯n)〉.
(4.7)
This is the celestial representation of the subleading soft theorem.
The operators O which create spacetime particles in a conformal basis appearing in
celestial amplitudes are in different types of representations - typically the continuous unitary
principal series - than those we are accustomed to in standard 2D CFT. The corresponding
amplitudes take a rather different form often involving delta functions on the sphere [16–19],
which makes possible relations between amplitudes with shifted conformal weights. Relations
of this general type were noted in the gravitational context in [20] and verified by Stieberger
and Taylor [21] in some special cases. It would be of interest to examine (4.7) in explicit
examples.
Finally, we note that integrating around a contour C weighted by an antiholomorphic
function ε(z¯), the subleading soft theorem takes the alternate form
〈
∮
C
dz¯
2πi
ε(z¯)J
(1)
z¯ O(h1,h¯1) · · ·O(hn,h¯n)〉
= −i
∑
k∈C
Qk〈O(h1,h¯1) · · · ∂z¯kε(z¯k)Dz¯kO(hk− 12 ,h¯k− 12 ) · · · O(hn,h¯n)〉,
(4.8)
where the sum is restricted to operators inside the contour.
1Up to contact terms which will vanish after contour integration.
2Using −iEΦ
(2)
kE = γ
zz¯Dz¯DzΦ
(1)
kE , the right hand side can be rewritten as
−QkΦ
(2)
kE
(zk,z¯k)
(z¯−z¯k)
. This suggests
a connection with the identification in [14] of subleading soft symmetries with gauge transformations that
diverge linearly with r. It would be interesting to understand this better.
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A Asymptotic Expansion
This appendix gives a few details of the large r expansion about I+.
A massless scalar field has 1
r
expansion near I+ as
Φ(u, r, z, z¯) =
∞∑
n=1
Φ(n)(u, z, z¯)
rn
. (A.1)
The matter currents
jµ = iQ(Φ¯∂Φ− Φ∂µΦ¯) (A.2)
fall off as
ju ∼ O
(
1
r2
)
, jz, jz¯ ∼ O
(
1
r2
)
, jr ∼ O
(
1
r3
)
. (A.3)
Finite energy flux and charge suggest the falloffs
Au ∼ O
(
1
r
)
, Az, Az¯ ∼ O (1) , Ar ∼ O
(
1
r2
)
. (A.4)
In order to consistently solve the Maxwell equations in ∇µAµ = 0 gauge we must allow
logarithmic falloffs in the gauge fields. This gives the expansion
Au =
∞∑
n=2
A
(n)
u
rn
+
∞∑
m=1
A˜
(m)
u
rm
log r
Ar =
∞∑
n=2
A
(n)
r
rn
+
∞∑
m=2
A˜
(m)
r
rm
log r
Az =
∞∑
n=0
A
(n)
z
rn
+
∞∑
m=1
A˜
(m)
z
rm
log r
Az¯ =
∞∑
n=0
A
(n)
z¯
rn
+
∞∑
m=1
A˜
(m)
z¯
rm
log r.
(A.5)
Our gauge condition leaves unfixed gauge transformations of the form ε = 0, among which
are residual gauge transformations with falloff O(r−1) which, like a radiative massless scalar
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field, have an arbitrary boundary dependence. We have used this freedom to set A
(1)
u = 0.
The Maxwell equations ∇µFµν = e2jν in retarded coordinates, with Fµν = ∂µAν−∂νAµ,
are
(∂u − ∂r)(r2Fru) + γzz¯(∂z¯Fuz + ∂zFuz¯) = e2r2ju
−∂r(r2Fru) + γzz¯(∂z¯Frz + ∂zFrz¯) = e2r2jr
r2(∂r − ∂u)Frz − r2∂rFuz − ∂z(γzz¯Fzz¯) = e2r2jz
r2(∂r − ∂u)Frz¯ − r2∂rFuz¯ − ∂z¯(γzz¯Fz¯z) = e2r2jz¯,
(A.6)
while the Lorenz gauge condition reads
− ∂u(r2Ar)− ∂r(r2Au − r2Ar) + γzz¯(∂zAz¯ + ∂z¯Az) = 0 . (A.7)
Together these imply
O(log r) :
2∂uA˜
(1)
z¯ − 2∂z¯A˜(1)u = 0 (A.8)
O(1) :
− 2∂uA˜(1)u = e2j(2)u (A.9)
2∂uA
(1)
z¯ − 2∂uA˜(1)z¯ + 2DzDzA(0)z¯ = e2j(2)z¯ . (A.10)
where we have used that O(log r) expression for j˜(2)z¯ is set to zero because the currents should
not have logarithmic falloff. Note that j
(2)
u would be incorrectly set to zero if log terms were
not included in the expansion. We use these equations to arrive at (3.9).
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